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Why Interesting?

Example: ADE-Singularities

* Disconnected Components of String Compactification Moduli Spaces

* (Geometric Engineering:
1) ADE Singularities = ADE Gauge Algebras. What about non-simply laced algebras?

2) “Nearly” Geometric Backgrounds
* |IA: RR-Backgrounds
* Fractional Non-Perturbative Objects

 Fractional Fluxes and Confinement

* (Generalizations — Other Singularities, Compact Models,
Stabilization of Non-SUSY Backgrounds, ...
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lIA Background: Geometry + Fractional 4-form RR-Flux
n

M"Y =R x X% X',=ALE,ALF,ALG,ALH with J CF = y mod 1
0

 RR Backgrounds”? Note: Many Dof in geometric engineering constructions
derive from D-branes. D-brane couplings to RR-backgrounds are understood.

» D-brane Charges take values in K-theory: K°, (X)

NS-Backrounds: K, ;(X)
RR-Backrounds: Subgroup c K?, (X)
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What motivated the discovery of Frozen singularities?

* Global Models: String Compactifications with 16 supercharges contain
disconnected rank reduced components (e.g., CHL vacua and heterotic/type |
compactifications). These were missing in other (M-theory/Heterotic) duality
frames. [Witten; 1998] [Bershadsky, Pantev, Sadov; 1999] [de Boer, Dijkgraaf, Hori, Keurentjes, Morgan, Morrison, Sethi; 2002]

 Local Models: In lIB the O7+ Plane has the same SL(2,7) monodromy and
RR-brane charge as 8 D7-branes + O7- Plane. Discrete Data was missing in
F-theory. [Tachikawa; 2016]

 Bottom Up: Classifications of 6D SCFTs/LSTs initially resulted in models with

no known F-theory construction. Frozen O7+ divisors supplied the missing
ingredient. [Bhardwaj, Morrison, Tachikawa, Tomasiello; 2017] [Bhardwaj; 2020]
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Review

What is known about Frozen Singularities?
[de Boer, Dijkgraaf, Hori, Keurentjes, Morgan, Morrison, Sethi; 2002]

 M-theory Background: Geometry + Fractional 4-form Flux

M'" = R0 x K3 Patches = C*/I" with J G, = [ C, = ” mod 1
CT S d

3T

* Heterotic Background: Geometry + Holonomies

l

Sl

i (but not simultaneously
diagonalizable)
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[Del Zotto, Heckman, Tomasiello, Vafa; 2013]
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What is known about Frozen Singularities?
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What is known about Frozen Singularities?
[Del Zotto, Heckman, Tomasiello, Vafa; 2013]

 M-theory Background: Geometry + M5-brane Probe

M =RYOx X" X' =C*T

N x M5 /
/032/F

* F-theory Background: Geometry + Non-Minimal Singularities
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What is known about Frozen Singularities?
[Del Zotto, Heckman, Tomasiello, Vafa; 2013]

 M-theory Background: Geometry + M5-brane Probe

M =RYOx X" X' =C*T

N x M5 /

R c RS

* F-theory Background:




Review

What is known about Frozen Singularities?
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Review

What is known about Frozen Singularities?

[Ohmori, Shimizu, Tachikawa, Yonekura; 2015] [Mekareeya, Ohmori, Shimizu, Tomasiello; 2017]

 M-theory Background: Geometry + M5-brane Probe

M" =R xXx? X' =C*T

M2 /
/032/F

M2 dissolves into the 7D SYM gauge theory as an instanton

R c RIPx T’

<

* | everage gauge theory description: Instantons can fractionate



Note:
Changes in Duality frame to F-theory / Heterotic

or use of the ADE gauge theory

How to analyze the lIA / M-theory background directly?

Warm Up In 1A
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Warum Up

.. IN 1A

* ||IA Background: Geometry + Fractional 2-form RR-Flux

: \)
M"Y =R"> x X7 X5 = C*Zy with J R = J C" =— mod 1
CIZy SYZy J

where t divides N and (s,t)=1.

 Why easy? We have a purely geometric M-theory frame:
M =R x (C*x SYHY/7zy =R x (C?*/Z,, x SYH/Z,

Geometry is “less” singular. Moduli of C*/Z ,, have been “frozen”.
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2 representative cases
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lIA: How do the D-branes on vanishing cycles couple to this RR-background?
E.g., D2-branes on vanishing 2-cycles.
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: \)
X, =C*/Zy with [ FR = J C'=— mod 1
CI1Z, SYZy J

lIA: How do the D-branes on vanishing cycles couple to this RR-background?
E.g., D2-branes on vanishing 2-cycles.

Key Idea: Branes within Branes / K-theory. D2 c D4-D4

1
S D [ C{™® A chy(APH) = —

1
J CHAFP*AFP* = 1D CS-term: qJ AP* with ge—Z
C2/Z XL 2 C2/Z XL L

N
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Warum Up

Formalization in K-theory

D-brane Charges take Values in K-theory:  K(C*) = Kp(pt) = Rep(I')

(Here we have applied Kunneth to R~ x C?/T" and leave spacetime implicit)

Reduced K-theory subgroup: KAC*) = A,(8) D A,(g)

(Here I' C SU(2) and g is the McKay associated Lie algebra)

Virtual, non-compactly supported generators: V. =R, — Rglk

(Here k runs over the non-trivial representations and d, = dim R})

Euler Pairing: Y = J ch(Vi?? @ (VPN Tdear = C
C/T

(cpct classes via Thom or sky scraper sheaf constructions, C Cartan matrix)
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General case

X, =C*/Zy with [ FR :J CRR =~ mod 1
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17, J

lIA: How does the compactly supported virtual K-theory class VIECpCt) couple to the localized 2-form RR flux?
Key Idea: Branes within Branes / K-theory. D2 c D4-D4
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Warum Up

General case

X, =C*/Zy with [ FR :J CRR =~ mod 1
C/Zy

SZy J
lIA: How does the compactly supported virtual K-theory class VIECpCt) couple to the localized 2-form RR flux?
Key Idea: Branes within Branes / K-theory. D2 c D4-D4
Classes with improperly quantized 1D CS-term: B, = {V"" € KAC*) | qd, & Z} C A, (g)
Orthogonal complement wrt to Dirac pairing: B;lf( C A (g)
Restricted intersection form: x| | =ty
B/ CA(g)

(Where y'is the Dirac pairing naturally associated to a C*/Z,,, singularity)



Warum Up

General case

X5 =C*/Zy with [ FXX :J
CIZy s

Restricted intersection form:

(Where ¥’ is the Dirac pairing naturally associated to a C*/Z v, Singularity)

M-theory orbi-circle bundle:

ggYM ~ gl ~ R\

17,

Ci""=— mod 1
{
x|, =ty
Bs/t)(CArt(g)
1
S /Zt Sl
/[:2/F

t 1 1
gszM Rll/t fs
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E of I -type @
’ v / . /D (ADE Singularity)
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Frozen ADE Singularities
... In 1A

lIA Background: Geometry + Fractional 4-form RR-Flux

M"Y =R x X X! =ALE,ALF|ALG|ALH with J C:f=— mod 1
0

n
d

How do the compactly supported virtual K-theory class VIECpCt) couple to the localized 4-form RR flux?

@ How do the D2-branes wrapping vanishing 2-cycles couple to the localized 4-form RR flux?



Frozen ADE Singularities
... In 1A

lIA Background: Geometry + Fractional 4-form RR-Flux

MY =R x x* X' =ALE,ALF|ALG|ALH with J 5 = % mod 1
0

How do the compactly supported virtual K-theory class VIECpCt) couple to the localized 4-form RR flux?

@ How do the D2-branes wrapping vanishing 2-cycles couple to the localized 4-form RR flux?

K-theory : D2 c D4-D4 [ OFAT(R-F) =] [ A -4 = [ -,

L1

T
Quantization condition on 1D CS-term: Edk =0 modl.



Frozen ADE Singularities
... In 1A

lIA Background: Geometry + Fractional 4-form RR-Flux

M"Y =R x X X! =ALE,ALF|ALG|ALH with J C:f=— mod 1
0

n
d
When (n/d)d, # 0 mod 1 then the particle can remain only in the spectrum as a particle relative to a string:

n n
Edkél(al_al)+gdk/22327

To determine whether this is indeed the case we need to check for the presence of confining strings!

Interestingly we will find confining strings, and these will lie beyond K-theory.



Frozen ADE Singularities
Confining Strings

lIA Background: Geometry + Fractional 4-form RR-Flux

M"Y =R x X X" =ALE,ALF,ALG,ALH with J Cf = % mod 1
0

NS5-branes carry the topological coupling: JH?S A C§R

= NS5-anti-NS5-stacks on 2, X C?/T result in objects carrying fractional fundamental string charge:

n

o BNS
dL .

2

Fractional fundamental strings? We need to know the tension.



Frozen ADE Singularities
Confining Strings

lIA Background: Geometry + Fractional 4-form RR-Flux

M"Y =R x X X" =ALE,ALF,ALG,ALH with J Cf = % mod 1
0

NS5-branes carry the topological coupling: JH?S A C§R

= NS5-anti-NS5-stacks on 2, X C?/T result in objects carrying fractional fundamental string charge:

n

o BNS
dL :

2

Dua ects? |
D6-anti-D6 configurations?|

Fractional fundamental strings? We need to know the tension.



Frozen ADE Singularities

Domain walls and Chern-Simons Invariants

lIA Background: Geometry + Fractional 4-form RR-Flux

M"Y =R x X X" =ALE,ALF,ALG,ALH with J Cf = % mod 1
0

Consider D8-anti-D8 system on M x C*/T:

/ Cs™ A (cho(Fy) — chy(F)) = ¢ C:t, (2.20)
C2/TApE X M5

where ¢ is a Chern-Simons invariant

o= [ (o3(A)-cs() (2.21)
S3 /T ADE

of the asymptotic boundary 0X = S3/T'spg. These fractional D4-branes are domain walls
between frozen phases and it is well-known that n/d which is turned on by passing across
such a wall is indeed a Chern-Simons invariant.



Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

Lo

X, =ALG :
4 / /c

Elliptic Fibration with 4-form RR-flux

with J CRR =~ mod 1
0X d

4




Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

Lo

with J CRR =~ mod 1
0X

X, = ALG : / /D : d

Elliptic Fibration with 4-form RR-flux

1} Double T-duality

n

Elliptic Fibration with 2-form RR-flux: with J C{"" = — mod 1
SlcoX, d

Q: What is the M-theory Circle Orbi-Bundle?
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S* - <>/ with J CRR =~ mod 1
YA =1,....,d SlcoX, d
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l YA =1,...,d SlcoX, d
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blown up

di% 0 mod 1 : a; can not be blown

up + exceptional fiber



Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

S' <>/ with J CRR =~ mod 1
Li=... d Scox, d

E T2 l
X, / . %: dz‘E —0 modl = can be

blown up

di% 0 mod 1 : a; can not be blown

up + exceptional fiber



Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

1 1
| 2 2 2 2 2 2
Example: [* with JCRR JCRR 2 > O e .~ o <
1 1
iz S e S peric % (C*x SH/z,




Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

1 1
1 2> 2 9 20 2 2
Example: [* with JCRR JCRR o o~ o
2
1 1
‘%1 Sgleneric Séeneric <5ﬂ31 (([:2 X S 1)/ Z2

m“ .“ 2ons,

< Fractional Fundamental String
< Confining String



Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

S* - <>/ with J CRR =~ mod 1
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Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

S' - <>/ with J CRR =~ mod 1
Li=... d Slcox, d

Fs: M2, M5 on S'/7,
l < Fractional Strings / D-branes

Xy / . %: Q: How to characterize the unconfined particles?

(With respect to the original K-theory charge lattice)




Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

Pn/d < dn/d
' ()/ Z 2 X s X
l Li=1,...d
Ys




Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

St Qé_l d 7 )Zn/d RN ‘e

l K°Z) = { an e K°2)| Zn rk W, = o} ~ At (gADE)
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Ys B | " |

K°(Xn/a) = Awt(Bnsa)
|, e




Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

St Qé_l d 7 )?n/d RN ‘e

l Y [_(O(Z):{ZniWiGKO(ZH ZnirkI/Vz-:O}gAwt(gADE)
Ys B | " |

K°(Xn/a) = Awt(Bnsa)
l F o

- KX,/ — K°(2)




Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

St Qé_l d 7 )?n/d RN ‘e

l Y [_(O(Z):{ZniWiGKO(ZH ZnirkI/Vz-:O}gAwt(gADE)
Ys B | " |

K°(Xn/a) = Awt(Bnsa)
l F o

- KO()’Z,,,,/d) — K°2)

FADE (CQ) T AWt(gADE)




Frozen ADE Singularities

Which particles are confined? Who are the confining strings?

St Qé_l d [ —> /e )?n/d RN ‘e

l Y [_(O(Z):{ZniWiGKO(ZH ZnirkI/Vi:O}%Awt(gADE)
Ys B | " |

KO(Xn/d) = Awt(bn/d)
l F o

Phg I‘(O()?n/d) — K°2)

= / ; /C

— ~

KO(Xn/d) ~ Imp, ;= {V e Ky

FADE ((CQ) o AWt(gADE)

(CHIVWeB,u: x(V,W) =0} C K, .(C



Recap Elliptic Local Model
... a lot has happened ptic Local Mode

Step 1: IIA Background /
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M"Y =R"»”x X X', =ALG with J C;*=— mod 1
0
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Step 1: IIA Background /

M"Y =R x X X' =ALG with J CF = % mod 1
0

D4-D4-System: Electric Particles + 1D CS-terms

D6-D6-System: Magnetic 3-branes + 3D CS-terms

NS5-NS5-System: Confining Strings
D8-D8-System: Fractional D4-branes + 3D CS-invariants



Recap

... a lot has happened

Step 1: lIA Background
M"Y =R xX*

D4-D4-System:
o~ | D6-D6-System:

NS5-NS5-System:

D8-D8-System:

Elliptic Local Model

-

X' =ALG with J cngzg mod 1
0

Electric Particles + 1D CS-terms
Magnetic 3-branes + 3D CS-terms
Confining Strings

Fractional D4-branes + 3D CS-invariants



Recap Elliptic Local Model
... a lot has happened ptic Local Mode

Step 1: IIA Background /

M"Y =R x X X', =ALG with J Ci = % mod 1
0
N D4-D4-System: Electric Particles + 1D CS-terms
> ___
\0@0 D6-D6-System: Magnetic 3-branes + 3D CS-terms
&OQO NS5-NS5-System: Confining Strings
D8-D8-System: Fractional D4-branes + 3D CS-invariants

Step 2: Explicit Construction as fractional 1/2 BPS objects via double T-duality
Step 3: Uplift to M-theory”? = Frozen ADE singularities in M-theory



M-theory Uplifts

Fractional D4s vs. Fractional Mb5s

lIA Background
M"Y =R"> x X" X' =ALG with J C;"
0
1
Fractional D4s are constrained by Rep(1’) > o
Not all fractional D4s lift to fractional Mb5s > )

n

= — mod 1

d




M-theory Uplifts

Fractional D4s vs. Fractional Mb5s

lIA Background
M"Y =R"> x X" X' =ALG with J C;"
0
1
Fractional D4s are constrained by Rep(1’) > o
Not all fractional D4s lift to fractional Mb5s > )

1

Full D4: Regular representation R,,, = @dim(Ri)Ri

Fractionation: Which splits lift? R, = R, @ Ry

n

= — mod 1

d




M-theory Uplifts

Fractional D4s vs. Fractional Mb5s

lIA Background

: n
M0 = RS ¢ x4 X% = ALG with CRR=_ mod 1
0
k(Ry) N o . .
/ C3 =0 | / CRR — - L) / C3t =0 21 2 25 2, 2,1 2, 21 2 25 2, 2,1 2,
S3 /T ADE S3 /T ADE |FADE| S3 /T ADE PN ® ® PA PN ® - ® PS
1, 1, 1, 1,
dH7 — F2 A F6 (2.62) (2.64)
1 ) . P .
B- . C K C 2, 2 2 22 201 2. 2, 2 2 2u2 Zui 2.
nld
. . . o . . . o
(M5)
An/d (Bn/d) L. 1, 1, 1



Conclusion

* Direct Analysis of Frozen ADE singularities in [IA
 K-Theory + RR-Fluxes + Orbi-Circle Bundles

* Freezing as Confinement

Outlook

* Freezing as a stabilizing mechanism for Non-SUSY singularities?
* Freezing CY3-fold singularities and others

 Compact Models and The Permafrost Landscape” morrison, Sung: 20241



